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EXPERIMENTS: IMAGE CLASSIFICATION
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Table 1: The best top-1 test accuracy for each network over all epochs when trained with sign, qReLU, and
full-precision baseline activations on CIFAR-10 and ImageNet. The hard-threshold activations are trained with
both FTPROP-MB with per-layer soft hinge losses (FTP-SH) and the saturated straight-through estimator (SSTE).
Bold numbers denote the best performing quantized activation in each experiment.

Sign qReLU Baselines
SSTE FTP-SH SSTE FTP-SH ReLU Sat. ReLU

4-layer convnet (CIFAR-10) 80.6 81.3 85.6 85.5 86.5 87.3
8-layer convnet (CIFAR-10) 84.6 84.9 88.4 89.8 91.2 91.2

AlexNet (ImageNet) 46.7 47.3 59.4 60.7 61.3 61.9
ResNet-18 (ImageNet) 49.1 47.8 60.6 64.3 69.1 66.9

qReLU domain. This is a natural choice because the derivative of a sum of a small number of soft
hinge losses has a shape similar to that of the derivative of a single soft hinge loss.

4 EXPERIMENTS

We evaluated FTPROP-MB with soft hinge per-layer losses (FTP-SH) for training deep networks with
sign and 2- and 3-bit qReLU activations by comparing models trained with FTP-SH to those trained
with the saturated straight-through estimators (SSTEs) described earlier (although, as discussed, these
SSTEs can also be seen as instances of FTPROP-MB). We compared to these SSTEs because they are
the standard approach in the literature and they significantly outperformed the STE in our initial exper-
iments (Hubara et al. (2016) observed similar behavior). Computationally, FTPROP-MB has the same
performance as straight-through estimation; however, the soft hinge loss involves computing a hyper-
bolic tangent, which requires more computation than a piecewise linear function. This is the same per-
formance difference seen when using sigmoid activations instead of ReLUs in soft-threshold networks.
We also trained each model with ReLU and saturated-ReLU activations as full-precision baselines.

We did not use weight quantization because our main interest is training with hard-threshold ac-
tivations, and because recent work has shown that weights can be quantized with little effect on
performance (Hubara et al., 2016; Rastegari et al., 2016; Zhou et al., 2016). We tested these training
methods on the CIFAR-10 (Krizhevsky, 2009) and ImageNet (ILSVRC 2012) (Russakovsky et al.,
2015) datasets. On CIFAR-10, we trained a simple 4-layer convolutional network and the 8-layer
convolutional network of Zhou et al. (2016). On ImageNet, we trained AlexNet (Krizhevsky et al.,
2012), the most common model in the quantization literature, and ResNet-18 (He et al., 2015a).
Further experiment details are provided in Appendix A, along with learning curves for all experiments,
and code is available at https://github.com/afriesen/ftprop.

4.1 CIFAR-10

Test accuracies for the 4-layer and 8-layer convolutional networks on CIFAR-10 are shown in Table 1.
For the 4-layer model, FTP-SH shows a consistent 0.5-1% accuracy gain over SSTE for the entire
training trajectory, resulting in the 0.7% improvement shown in Table 1. However, for the 2-bit
qRELU activation, SSTE and FTP-SH perform nearly identically in the 4-layer model. Conversely,
for the more complex 8-layer model, the FTP-SH accuracy is only 0.3% above SSTE for the sign
activation, but for the qReLU activation FTP-SH achieves a consistent 1.4% improvement over SSTE.

We posit that the decrease in performance gap for the sign activation when moving from the 4- to 8-
layer model is because both methods are able to effectively train the higher-capacity model to achieve
close to its best possible performance on this dataset, whereas the opposite is true for the qReLU
activation; i.e., the restricted capacity of the 4-layer model limits the ability of both methods to train
the more expressive qReLU effectively. If this is true, then we expect that FTP-SH will outperform
SSTE for both the sign and qReLU activations on a harder dataset. Unsurprisingly, none of the low-
precision methods perform as well as the baseline high-precision methods; however, the narrowness
of the performance gap between 2-bit qReLU with FTP-SH and full-precision ReLU is encouraging.

4.2 IMAGENET

The results from the ImageNet experiments are also shown in Table 1. As predicted from the CIFAR-
10 experiments, we see that FTP-SH improves test accuracy on AlexNet for both sign and 2-bit
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RELATIONSHIP TO STRAIGHT-THROUGH ESTIMATOR
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ReLU

No existing justification for the straight-through estimator (STE) [Hinton (2012)].

We show that different STEs correspond to different per-layer loss choices in FTPROP.

= Saturated Hinge

Original STE: 
[Hinton (2012)]  

L(t, z) =max(0, 1�max(tz,�1))
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Saturated STE: 
[Hubara et al. (2016)]  
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FEASIBLE TARGET PROPAGATION

LEARNING MULTI-LAYER MODELS WITH HARD-THRESHOLDS
Idea: If we knew the value each hi should take, then network would decompose into individual perceptrons.

x1

x2

h2

h1

h3

y1

y2

t1 t2 t3
y1

t3

t2

t1

t3

t2

t1
y2

x1

x2

h1

t1

x1

x2

h2

t2

x1

x2

h3

t3

Set targets
(combinatorial search)

How to set targets? Define and use feasibility.

        Targets T are feasible for a dataset D iff all perceptrons in the 

        network are linearly-separable given T.

Learned network does not require linearly-separable dataset. 

Proposition. 
Let D be a dataset and T be feasible targets for network f(X; W) where each layer’s weights Wd were trained 

independently with inputs Td-1 and targets Td. Then f will correctly classify each instance in D.
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Algorithm 2 Train an `-layer hard-threshold network Y = f(X; W ) on dataset D = (X, T`) with
mini-batch feasible target propagation (FTPROP-MB) using loss functions L = {Ld}`

d=1.

1: initialize weights W = {W1, . . . , W`} randomly
2: for each minibatch (Xb, Tb) from D do
3: initialize targets T1, . . . , T`�1 as the outputs of their hidden units in f(Xb; W ) // forward pass
4: set T0  Xb, set T`  Tb, and set T  {T0, . . . , T`}
5: FTPROP-MB(W, T, L, `)

6: function FTPROP-MB(weights W , targets T , losses L, and layer index d)
7: T̂d�1  set targets for upstream layer based on current weights Wd and loss Ld(Zd, Td)
8: update Wd with respect to layer loss Ld(Zd, Td) // where Zd = WdTd�1 = WdHd�1

9: if d > 1 then FTPROP-MB(W, {T0, . . . , T̂d�1, . . . , T`}, L, d� 1)

3.1 TARGET HEURISTICS

When the activations of each layer are differentiable, backpropagation provides a method for telling
each layer how to adjust its outputs to improve the loss. Conversely, in hard-threshold networks,
target propagation provides a method for telling each layer how to adjust its outputs to improve the
next layer’s loss. While gradients cannot propagate through hard-threshold units, the derivatives
within a layer can still be computed. An effective and efficient heuristic for setting the target tdj for
an activation hdj of layer d is to use the (negative) sign of the partial derivative of the next layer’s
loss. Specifically, we set tdj = r(hdj), where

r(hdj) , sign

✓
� @

@hdj
Ld+1(Zd+1, Td+1)

◆
(2)

and Zd+1 is either the pre-activation or post-activation output, depending on the choice of loss.

When used to update only a single target at a time, this heuristic will often set the target value that
correctly results in the lowest loss. In particular, when Ld+1 is convex, its negative partial derivative
with respect to hdj by definition points in the direction of the global minimum of Ld+1. Without
loss of generality, let hdj = �1. Now, if r(hdj) = �1, then it follows from the convexity of the
loss that flipping hdj and keeping all other variables the same would increase Ld+1. On the other
hand, if r(hdj) = +1, then flipping hdj may or may not reduce the loss, since convexity cannot tell
us which of hdj = +1 or hdj = �1 results in a smaller Ld+1. However, the discrepancy between
hdj and r(hdj) indicates a lack of confidence in the current value of hdj . A natural choice is thus
to set tdj to push the pre-activation value of hdj towards 0, making hdj more likely to flip. Setting
tdj = r(hdj) = +1 accomplishes this. We note that, while this heuristic performs well, there is still
room for improvement, for example by extending r(·) to better handle the hdj 6= r(hdj) case or by
combining information across the batch. We leave such investigations for future work.

3.2 LAYER LOSS FUNCTIONS

The hinge loss, shown in Figure 2a, is a robust version of the perceptron criterion and is thus a natural
per-layer loss function to use for finding good settings of the targets and weights, even when there are
no feasible target settings. However, in preliminary experiments we found that learning tended to stall
and become erratic over time when using the hinge loss for each layer. We attribute this to two separate
issues. First, the hinge loss is sensitive to noisy data and outliers (Wu & Liu, 2007), which can cause
learning to focus on instances that are unlikely to ever be classified correctly, instead of on instances
near the separator. Second, since with convolutional layers and large, noisy datasets it is unlikely that
a layer’s inputs are entirely linearly separable, it is important to prioritize some targets over others.
Ideally, the highest priority targets would be those with the largest effect on the output loss.

The first issue can be solved by saturating (truncating) the hinge loss, thus making it less sensitive
to outliers (Wu & Liu, 2007). The saturated hinge loss, shown in Figure 2b, is sat hinge(z, t; b) =
max(0, 1�max(tz, b)) for some threshold b, where we set b = �1 to make its derivative symmetric.
The second problem can be solved in a variety of ways, including randomly subsampling targets or
weighting the loss associated with each target according to some heuristic. The simplest and most
accurate method that we have found is to weight the loss for each target tdj by the magnitude of the
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LAYER LOSS FUNCTIONS

t1 t2 t3 t6t5t4

TARGET HEURISTIC

Optimize weights
(convex opt.)

Each iteration, set targets recursively and then independently update each layer’s weights.
Combinatorial search is hard, so define per-layer loss functions and set targets heuristically.

t(hdj) , sign

✓
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◆
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Prioritize certain targets: Scale each target by the magnitude 
of its partial derivative w.r.t. the next layer’s loss.

Ld(zdj , tdj) = hinge(zdj , tdj) ·
����
@Ld+1

@hdj

����
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HARD-THRESHOLD ACTIVATIONS ENABLE SCALING

Hard threshold = discrete output

Low energy and memory requirements.

Fast computation.

Alleviate vanishing & exploding gradients.

Resistant to adversarial attacks; e.g., Galloway et al. (ICLR 2018).

Crucial for developing large systems of deep networks.

Soft threshold = continuous output

PERCEPTRONS ARE HARD-THRESHOLD NETWORKS

1?

Learnable without backpropagation.

Not expressive; can only learn linearly-separable datasets.

NO BACKPROP IN HARD-THRESHOLD NETWORKS

Soft-threshold network:

Hard-threshold network:

Cat?
Dog

Cat?
Dog

Derivative of hard-threshold activations is zero almost everywhere.


